The electrons injected into a laser wakefield undergo betatron oscillation and give rise to the emission of intense X-ray radiation. To investigate the generation conditions of the X-rays, the relativistic motion of an electron injected in an off-axis position has been simulated with wakefield profiles which are pre-calculated with a two-dimensional particle-in-cell code. The wakefield with a plasma density of 1.78×10 18 cm -3 is generated by the laser with an intensity of 1.37×10 18 W/cm 2 and a pulse width of 30 fs. From the calculation of the single particle motion, the characteristics of the betatron radiation are investigated in the time domain. As the transverse injection position increases, the power and the duration time of the radiation increase, but the width of each pulse decreases.
I. INTRODUCTION
After the invention of ultra-high intensity lasers, the particle acceleration techniques using laser wakefields have been rapidly developed [1] . The laser-induced particle accelerators can have an acceleration gradient of 10-100 GV/m, which is higher by three orders of magnitude than that of conventional linear accelerators [2] . In addition to the laser-induced accelerator, the laser wakefields can play the same role as wigglers in free electron lasers [3] . An electron in the wakefields is influenced not only by the accelerating force but also by a transverse focusing force. The focusing force is at the same order of magnitude as the accelerating force. Off-axis injected electrons are accelerated by the wakefield and also undergo betatron oscillation. The oscillation gives rise to the emission of intense femtosecond X-ray radiations over a few keV ranges which have been observed by simulations and experiments [4] [5] [6] [7] . Recent experiment shows that a petawatt-laser-generated plasma cavity produces 50 keV X-ray beams [8] . The electron trajectories can be verified from the images of betatron radiations of the electrons in the wakefields [9] . The femtosecond X-ray over a large spectral range can be used for the investigation of ultrafast transient structures using X-ray diffraction and X-ray absorption techniques [10] .
In order to investigate the X-ray generation and to find an optimal condition for strong radiation, it is necessary to understand the electron motion in the wakefield. In this paper, we present the analysis of single electron motion in a laser wakefield accelerator using a two-dimensional particle-in-cell code, assuming the wakefields are not changed for the electron travel period. Sec. II demonstrates the numerical method and conditions used to analyze single electron motion. Sec. III demonstrates the simulation results for the variation of injection positions. The conclusion and discussion are presented in Sec. IV.
II. SIMULATION CONDITIONS
For the generation of laser wakefields, we used a two -dimensional electromagnetic particle-in-cell code (XOO-PIC) [11] . The simulation was conducted in x-y rectangular coordinates. The simulation parameters are as follows. The electron plasma density is 1.78×10 18 cm -3 which corresponds to a wakefield wavelength of λ p = 25 μm and an electron plasma frequency of ω p = (n e e 2 / m e ε 0 ) 1/2 = 7.5×10 13 rad/s. The simulation domain is 96
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μm in the x direction, which is three times the 32 μm in the y direction. This is because the transverse radius of laser wakefields, which is determined by the 4 μm size of the waist of the incident laser pulse, is smaller than the size of the wakefield wavelength λp = 25 μm. The grid size was chosen to be Δx=Δy=λ/16, where λ is the laser pulse wavelength 1 μm. The incident laser pulse has a Gaussian distribution with full-width at half-maximum (FWHM) of 30-fs. The normalized vector potential of the laser pulse a is defined as 2 / e m c e = a A ( 1 ) The peak amplitude of the normalized vector potential a0 is related to the peak intensity I by a0 = 8.5×10 -10         . The intensity of the laser pulse is 1.37×10 18 W/cm 2 which corresponds to a0 = 1. Figure 1 shows three dominant components of the wakefield; (a) longitudinal electric field Ex, (b) transverse electric field Ey and (c) transverse magnetic field Bz. In cylindrical coordinates, the components correspond to (a) axial electric field, (b) radial electric field and (c) azimuth magnetic field, respectively. The longitudinal field Ex is not exactly a sinusoidal wave because of a nonlinear effect. With the increase of a0, the nonlinear effect also increases [12] . The minimum magnitude of Ex is -34 GV/m, which is located at x = 40 μm in Fig. 1(a) . The profile of the transverse electric field changes along the off-axis and generates focusing and diffracting regions in turn. The maximum magnitude of Ey in the accelerating region is 30 GV/m, which is located at a transverse distance of 3 μm from the axis. The magnitude of the transverse electric field shows approximately linear increases with the distance near the axis in Fig. 1(b) . The profile of the azimuth magnetic field also changes along the off-axis and generates distributions similar to the transverse electric field. However, the sign of the magnetic field is the reverse of the transverse electric field. The maximum magnitude of Bz in the focusing region is 15 Tesla at a distance 3 μm from the axis. The magnitude of the magnetic field Bz also shows linear increases near the axis as the transverse electric field does. For the relativistic electron, the ratio of the maximum magnitude of the Lorentz force from Bz fields to that of the Ey fields is about 15% in the case of the given wakefield, and therefore the electric field effect is dominant for the electron motion. However, magnetic fields affect the increase of the transverse force, and thus induce the increase of the oscillation frequency. We will mention the effects of magnetic fields in Sec. III.
The radial electric field and the azimuth magnetic field in the wakefields are related to the axial electric field by the Panofsky-Wenzel theorem,
∂ , where ξ = z -vpt and vp is the wake-field velocity [2] . In this study, the longitudinal direction is designated with a coordinate x instead of z, and thus ξ = x -v p t. The phase velocity of the wakefield is the same as the group velocity of the laser pulse and is given by teraction time, the wakefields can be counted as stationary fields in a moving frame.
Electric field is expressed with an electric scalar potential and a magnetic vector potential as
If the effect of the electric field is dominant over that of the magnetic field in Eq. (3), the second term in the right-hand-side can be neglected. Figure 2 shows the inverse electric scalar potential profile of the wakefield assuming that the second term of the right-hand side in Eq. (3) is zero. The electric scalar potential can be derived from Poisson's equation,
where ρ is the electron charge density and ε0 is the permittivity in vacuum. The electric scalar potential is calculated with a finite difference method. The Neumann boundary condition
was adopted at the left and the right boundary. The Dirichlet boundary condition V = 0 was adopted at the top and the bottom boundary. The peak-to-peak voltage difference in the axial direction is about 250 kV. The cross sectional profile of the potential in the transverse direction at the potential minimum position is a Gaussian distribution with a FWHM of 6.3 μm, which is approximately 1.5 times larger than the spot size of the laser pulse. At ξ = 0.22λp, The FWHM of cross sectional potential profiles is lower than 2 μm. This small width restricts the transverse injection position and initial transverse velocity of an electron. The length of the considered region for satisfying acceleration and oscillation simultaneously is one-fourth of the length of the wakefield. If the initial transverse kinetic energy of the electron is not higher than the potential energy, the electron is trapped in the potential well.
In the following section, a single electron motion is described in ξ phase space using static electric wakefields obtained with XOOPIC code, assuming the wakefields propagate with the velocity of vp in the laser propagation direction. However, for the sake of simple interpretation, the force from magnetic fields is neglected.
III. SIMULATION RESULT
The total energy of a single electron is expressed by       , where the relativistic factor  is defined as           and the effective velocity  is the product of  and electron velocity   . Figure 3 shows the evolution of the electron velocity for 10 picoseconds (which corresponds to 3 mm) with the variation of the transverse injection positions. The wakefield velocity for the electron plasma density   = 1.78 10 18 cm -3 corresponds to that of an electron with energy 12.77 MeV, so the initial energy of the electron was chosen to be 12.77 MeV. In this paper,   is defined as the longitudinal distance between the maximum position of the wake -field potential (=16 and =36 μm in Fig. 2 ) and the injection position, and   as the transverse distance between the axis and the injection position. Constant   of 0.26  is used in Fig. 3 . When   = 0, the electron does not oscillate because no transverse forces exist on the axis. However, when   has a finite value, the electron experiences a betatron oscillation. Due to the betatron oscillation, the longitudinal velocity of the electron   is not always higher than the wake-field velocity during the electron travel time except for the case of   = 0. The longitudinal velocity   does not increase monotonically but increases with oscillation though the sign of the longitudinal force does not change for the electron travel time. This can be explained as a relativistic effect. The components of relativistic velocity   ,   and   are coupled with one another by the  factor, and thus one velocity component affects the other components. The longitudinal relativistic velocity   and  increase monotonically due to the accelerating field, but the ratio of the   to  increases with oscillation because transverse relativistic velocity   oscillates. The frequency of   is determined by the betatron frequency [5] defined as 
The oscillation frequency of   becomes twice larger than that of the betatron oscillation because   has its minimum value in one period when   is 0. This longitudinal velocity oscillation induces the backward slipping motion in the  phase space.
In Fig. 3(b) , as the transverse injection position becomes more distant from the axis, the amplitude of   becomes higher because transverse electric field increases with radial distance.   increases monotonically due to the accelerating force. On the other hand, the amplitude of   does not increase as rapidly as   , and the oscillation amplitude of   becomes smaller with time evolution. The oscillation frequency of   decreases by Eq. 5 due to the increase of the electron energy with time evolution. When the transverse distance is same, the transverse force increases as the electron approaches the potential minimum position in Fig. 2 . Therefore, the transverse amplitude of the electron decreases in Fig. 3(c) . When   = 0, it is expected to have no oscillation in uy, but a small oscillation is shown in Fig. 3(b) because of defectiveness of axial symmetry. Figure 4 shows the evolution of  in the  phase space with the variation of longitudinal and transverse injection positions for 3 mm travel distance in a laboratory frame. As the injection position   becomes more distant from the potential minimum position (at = 0.5  ), the slope of  becomes more steep because the electric field is larger at  = 0.25  than that at = 0.5  . Therefore, the electron initially located at high electric field obtains more energy for the same travel length. When   = 0.26   , there is no significant difference in  with the variation of the transverse injection positions,   . However, when   is larger than 0.34  , the electron injected in off-axis position significantly slips backward because the transverse electric field increases sharply with the increase of transverse distance and induces the decrease of   .
The electron undergoing betatron oscillation emits radiation at the peak of its transverse position. Figure 5 shows the radiation emitted from the electron in the propagation direction of the laser. If the radiation detector is far away from the radiation source, the detector receives betatron radiation at the time [13] of t t c
If the detector is in the direction of the electron propagation and the electron velocity   is assumed to be , the total radiation time is determined by where ∆ is the electron travel time. Therefore, the total radiation time decreases with the increases of electron energy. In Fig. 4 , the square of  is 10 3 ~ 10 4 with the variation of the injection position, and the total radiation time becomes about 1 ~ 10 fs according to Eq. (7) . If the electron energy is maintained approximately constant, the total radiation time is affected by the transverse motion. Because the transverse oscillation makes the longitudinal velocity of the electron   decrease, the effect of time contraction decreases. For example, when   = 0.26  , the electron injected at   = 0 μm propagates longer by 1.5 μm than that injected at   = 3 μm, and thus the total duration of the radiation from the latter becomes longer by 5 fs than that from the former.
Each pulse corresponds to a single betatron radiation. The period between pulses is determined by the fundamental frequency as the Doppler shifted betatron frequency [9] ( ) 
As the electron energy increases, the period between pulses becomes smaller. The time distance between pulses is also affected by transverse oscillation as stated above, because for one oscillation period, the electron with the high amplitude of oscillation propagates less distance than that with less amplitude of oscillation.
The width of each pulse is proportional to the inverse of critical frequency [5] 
where  is the bending radius of oscillation and  ⊥ is a transverse force. The maximum transverse force by which the electron is affected does not vary with electron propagation as stated above, but is determined at the time when the electron is injected. It increases with the transverse injection position. Therefore the width of each pulse decreases as 1/  with the electron propagation. In the case of the simulation parameters considered,   = 0.22  and   = 2 μm,  increases from 25 to 360 at the detuning point, and the maximum of the transverse electric field is 20.0 GeV/m. Then, the critical radiation frequency is expected from 1.1×10 16 to 2.28×10 18 s -1 which corresponds to the critical energy of 7.2 eV to 1.5 keV. Therefore, the X-ray with energy more than keV is emitted mainly at the end of electron acceleration.
Because the electron propagates with the longitudinal velocity close to the speed of light, the magnetic field contributes to the transverse Lorentz force and thus to the characteristics of the radiation. The total transverse force, which is the sum of forces derived from electric and magnetic fields in the Lorentz equation, increases at most by 15% more than that for the case considered only with electric field. From the increase of the force, the amplitude of   and the frequency of betatron oscillation increase. The former results in an effect similar to   increase. The effect of time contraction decreases and the total duration and the critical frequency of the radiation increases. The increase of the frequency contributes a little to the increase of fundamental frequency.
IV. CONCLUSION & DISCUSSION
We have discussed the off-axis electron motion under the static electric wakefields and the characteristic of the radiation emitted from the betatron oscillation in the time domain. The off-axis injected electron oscillates transversely with a betatron frequency, and the longitudinal velocity oscillates at the double frequency of the betatron frequency. This oscillation induces the decrease of longitudinal velocity of the electron and results in the increase of the total time of the radiation. The oscillation also increases the distance between pulses, however with the increase of amplitude of oscillation, the electron emits the radiation with high power and with high energy. In order to diminish the radiation time and increase total power and energy of radiation, the electron must be accelerated to the high energy.
In practical applications, the radiation is emitted not only from one electron but from many electrons which are captured within the wakefield at widespread locations. Therefore, the coherency issue of the radiation is very important. It was observed from simulation that the coherency of the radiation is not good for multiple electrons. This issue will be explored in further research.
